










Figure 4. Relative rotation of the tubes varies their combined
curvature, u(s), from the initial constant pre-curvature value
of u(s) = [1/240 0 0]T mm−1, s ∈ [0,150] mm, when the
curvatures are aligned (q1 = q2), to u(s) = [0 0 0]T , s ∈
[0,150] mm (robot is straight) when the curvatures are anti-
aligned (q1 = q2+π). The robot can also be translated in the
z direction by actuator displacement q3. Varying {q1,q2} ∈
SO(2)×SO(2) and q3 ∈ R produces a cylindrical workspace
at the robot’s tip of radius 48 mm and length 254 mm.

Fig. 4. Concentric tube manipulator and drive system. Electromagnetic
sensor is shown attached to robot tip. Actuator variables q1 and q2 control
rotation of tubes and q3 controls translation of tube pair. Curvature is varied
by relative rotation of tubes. Environment motion is produced by manual
loading of robot tip through cord attached to load cell.

An existing position control architecture [9] was modi-
fied to implement stiffness control. The existing controller
consists of a master-slave system in which the concentric
tube manipulator is the slave arm and a PHANTOM Omni
haptic device (Sensable Technologies, Inc.) is employed as
the master arm. The position controller is implemented as
a multithreaded process under Windows 2000. The process
includes two time-critical user mode threads running at 1 kHz
that implement the kinematic model and PD joint controllers
and an application thread that updates a GUI.

The stiffness controller requires real-time measurement of
the robot’s tip configuration. This was accomplished using an
electromagnetic tracking sensor (3D Guidance trakSTART M ,
Ascension Technology Corporation). The 2 × 9.7 mm cylin-
drical sensor (model 180) was attached to the robot’s tip
as shown in Figure 4. Sensor accuracy is 1.4 mm RMS in
translation and 0.5 degree RMS in rotation with a resolution
of 0.5 mm and 0.1 degrees. The update rate of the sensor
was set to 100 Hz. The sensor’s electrical leads produced
negligible deformation of the robot.

To calibrate the deflection model used in the stiffness
controller and to evaluate the controller’s performance, a
22 N tension/compression load cell (Sensotec model 31)
was used to measure environment force. The load cell was
connected to the tip of the manipulator through a long thin
cord to prevent the metal components of the load cell from
distorting the magnetic field of the tip tracking system. This

loading configuration is depicted in Figure 4.
To evaluate the controller, experiments were performed

with a moving environment shown in Figure 4. The envi-
ronment is produced by manually pulling on the robot tip
in a desired direction through a cord attached to a load cell.
During these tests, the desired reference tip position, pr

bt ,
of (17) was held constant by fixing the position of the master.

Implementation of the proposed stiffness controller re-
quires an unloaded kinematic model and a calibrated deflec-
tion model. Each is described below followed by the results
of the control experiments.

A. Unloaded Kinematic Model

To implement stiffness control by modification of a posi-
tion controller as given by (25), it is assumed that forward
and inverse kinematic solutions are already implemented for
the non-contact case. Such models have been presented in [9]
for concentric tube continuum robots. Modified versions of
these models, appropriate to the pair of tubes used in the
experiments, are presented here.

While, in general, the combined curvature of two tubes
of constant pre-curvature varies along their length due to
torsional twisting of the tubes [9], this effect is negligible
for the tubes used in the experiments. Thus, it is appropriate
to model the combined curvature as a function of actuator
values, {q1,q2}, that is independent of arc length. It can be
written in the world frame of Figure 4 as uw,

uw = Aκ (q1−q2)

 cos((q1 +q2)/2+φκ(q1−q2))
sin((q1 +q2)/2+φκ(q1−q2))

0

 (26)

Here, Aκ(·) and φκ(·) compute the magnitude and phase of
curvature as functions of the relative tube rotation angle,
q1 − q2. For curve fitting, Aκ(·) and φκ(·) are interpreted
as the magnitude and phase of a complex function κ(·).

The tip position, assuming no contact forces, is obtained
from the curvature, uw, as [9]

pbt̂(q) =


uw

y (1−cos(l|uw|)
|uw|2

−uw
x (1−cos(l|uw|)
|uw|2

q3 +
sin(l|uw|)
|uw|

 (27)

in which l is the arc length of the manipulator. To obtain the
most accurate kinematic model, the complex function κ(·)
was calculated from (26) and (27) as a truncated Fourier
series using position measurements obtained with the tip
tracking sensor over two complete revolutions of the tubes.

B. Deflection Model Calibration

To calculate robot deflection due to tip loading, the deflec-
tion model requires the unloaded body-frame curvature of the
robot, û(s), as well its composite stiffness, K(s). While (10)
provides a general expression for unloaded curvature, in this
case, it can be directly obtained from (26). Due to the choice
of Bishop body frames and since the unloaded kinematic
model is of constant curvature,

û(s) = uw (28)



The deflection model approximates the composite stiffness
of all elastic elements of the robot by the matrix of bending
and torsional stiffnesses, K(s), defined in (12). Since the
robot is composed of NiTi tubes, K(s) reduces to

K(s) = K = diag(EcIc, EcIc, EcIc/(1+ν)) (29)

in which Ec and Ic are the composite values for elastic
modulus and area moment of inertia, respectively, and ν is
Poisson’s ratio.

Using the value of ν = 0.3 that is appropriate for NiTi, EcIc
was estimated experimentally using the testing configuration
of Figure 4 and the maximum possible value of initial
curvature û(s) = [1/240 0 0]T mm−1. An iterative method
was used to solve for the stiffness matrix that minimized
the error between the force-displacement response predicted
by the model and that obtained by measurement in x and y
directions. The resulting calibrated stiffness of

K(s) = diag(0.049 0.049 0.038)N-m2 (30)

was used to compare the deflection model and experimental
robot tip stiffnesses as shown in Figure 5. (See Figure 4
for the coordinate directions.) The depicted experimental
data was collected for cyclic displacements in the x, y and
z coordinate directions while holding the robot actuators
fixed. While the experimental data reveals a small amount
of hysteresis, the deflection model provides a good fit with
the loop average in the x and y directions while the high
stiffness in the z direction reduces the accuracy of the model
fit.

Fig. 5. Force versus displacement of the robot tip in coordinate directions
{x,y,z}. Both experimental data and predictions from the calibrated deflec-
tion model are shown for the maximum curvature configuration, labeled
(max), and zero curvature configuration, labeled (zero).

C. Stiffness Controller

Stiffness control was implemented for the three DOF con-
tinuum robot depicted in Figure 4 by modifying an existing
position controller. The position controller uses Newton’s
method to solve (26)-(27) at each time step for the actuator
positions associated with the desired unloaded tip position,
pd

bt̂ ,

qd = I
(

pd
bt̂

)
(31)

PD controllers are used to drive the actuators to the values
computed in (31).

To achieve stiffness control, (31) was replaced with the
iteration equation (25) which, for this robot, reduces to an
expression involving only tip positions,

qd
i+1 = I

(
pm

bt − (pbt(qd
i ,F

d
tw)− pbt̂(q

d
i ))
)

(32)

Here, pm
bt is the current tip position as measured by the

tip tracking sensor. The unloaded tip position, pbt̂(qd
i ) is

computed using (26) and (27).
The deflected tip position, pbt(qd

i ,F
d

tw) is calculated from
the deflection model (14) using qd

i to compute the pre-
deflected curvature, û(s), from (26) and (28). The boundary
conditions (15) are computed using the desired tip wrench,
Fw, as defined by (17) and (20). This wrench is converted
to body coordinates using (16) with Rbt computed using the
current tip orientation as measured by the tip sensor. The
integration was carried out with the discrete (in arc length)
formulation detailed in [10] using ten nodes along the 150
mm length of the robot.

D. Controller Evaluation

The testing configuration of Figure 4 was used to evaluate
the performance of the controller in the three coordinate
directions for various values of robot curvature and tip
stiffness. During these tests, the master manipulator was
held fixed such that the reference tip position, pr

bt , was
constant and lay in the y-z plane above the line defined
by actuator axis, q3. (See Figure 4.) In each test, the robot
tip was displaced in one of the three coordinate directions.
Each displacement started with the robot tip in the unloaded
configuration and proceeded until an arbitrary maximum
value was obtained. The displacement was then reversed.

Figure 6 depicts the measured tip force and displacement
in the three coordinate directions of Figure 4 for an in-
termediate value of non-contact robot curvature given by
uw = [ 1

320mm 0 0]T . As is also shown, the desired stiffnesses
of (17) were set to be equal in the three coordinate directions,
Kd = diag(0.04 0.04 0.04) N/mm. The maximum applied
displacements in the x and y directions were set to be around
20 mm in order to demonstrate the range of forces over
which the stiffness controller can be applied [20]. For most
surgical applications, however, the forces and displacements
are expected to be smaller than the evaluated range.

It can be seen that the desired stiffness is accurately
achieved in the x and y directions. Stiffness in the z direction
is less accurate, especially at direction reversals where im-
perfect cancellation of friction in the ball screw transmission
of actuator q3 leads to a large amount of hysteresis.

The most difficult configuration for stiffness control cor-
responds to when the robot is straight, i.e., the non-contact
curvature is uw = [0 0 0]T . Tip force versus displacement data
for this configuration are shown in Figure 7 for a desired
stiffness of Kd = diag(0.02 0.08 0.2) N/mm. Recall that the
natural stiffness in the x and y directions for the straight robot
should be both equal to about 0.048 N/mm as depicted in
Figure 5. The stiffness controller has succeeded in reducing



Fig. 6. Tip force versus displacement in the three coordinate directions for
a non-contact robot curvature of uw = [ 1

320mm 0 0]T and desired tip stiffness
of Kd = diag(0.04 0.04 0.04) N/mm.

the natural robot stiffness by about a factor of two in the
y direction and in increasing the natural stiffness by about
a factor of two in the in the x direction. Not depicted,
the stiffness controller as described is unable to control the
stiffness of robot along the z axis when the robot has zero
curvature, i.e, is straight. A controller modification described
in [20] avoids this limitation and is applicable to backdrivable
continuum manipulators.

Fig. 7. Tip force versus displacement in the x and y coordinate directions
for a non-contact robot curvature of uw = [0 0 0]T and desired tip stiffness
of Kd = diag(0.02 0.08 0.2) N/mm.

VII. CONCLUSIONS

The contribution of this paper is to provide an approach for
implementing stiffness control on any continuum robot that
can be modeled under loading as an elastic rod and for which
an unloaded kinematic model is available. Thus, the method
is broadly applicable to continuum robots including steerable
catheters, multi-backbone robots as well as concentric tube
robots.

The efficacy of the proposed stiffness controller was
demonstrated on a 3 DOF concentric tube robot. It was found
that desired tip stiffnesses could be achieved independent of
robot configuration in the lateral or bending directions. Using
tip position sensing, stiffness control along the axis of the

robot is possible as long as the curvature of the entire robot
is not close to zero. A future goal is to evaluate the stiffness
controller under surgical conditions.
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