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ABSTRACT E Young’s modulus of the plate material.
Recently, the authors developed analytical expressions forthe F,.  Force applied by the plate to th&" array.
dispersions of Floquet waves that propagate in a structure con-% Transform wavenumber.
sisting of a plate with multiple arrays of line attachments. The k,;, Spacing wavenumber of thé" array (equation 8).
dispersions of these Floquet waves, and in particular the imagi- k, Flexural wavelength of the bare plate.
nary parts of their wavenumbers, quantify the attenuation of vi- 1, Mass per unit area of the bare plate.
brational energy in space as the frequency of a local excitation is () Dispersion function (equation 12).
varied. Understanding how the parameters of the attached struc-; Wavenumber transform of plate velocity.

tures, such as their spacings and impedances, affect the Floque§” Bare plate admittance in the wavenumber domain.

wave dispersions could provide further meansto include consider- y- - pjate admittance in the wavenumber domain with the first
ation of energy localization or distribution in the structural design (r —1) arrays attached (equation 14).

process. Such an understanding is developed in the presentworky | jne impedance looking into the” array.

by identifying those cases in which the treatment of certain arrays 7(») pistributed impedance looking into thé" array (equation
can be greatly simplified. In particular, limiting cases of small 3).

and large array spacings are investigated for which the treatment,, pgisson’s ratio of the plate material.

of particular arrays can be greatly simplified. Such simplifica- ¢ Normalized frequency (equation 43).

tions are not immediately obvious without access to an_alytlcal Qpouna  Bounding frequency that indicates when an array may
expressions for the Floquet wavenumbers, as the dynamics of all be homogenized to engineering accuracy.

arrays are coupled through the plate. Results presented here Wi”Cr Normalized impedance (equation 27).
aid the structural design community by indicating which design

changes most effectively control energy distribution and by in-
dicating when simplified finite element models of multiple-array 1

. INTRODUCTION
structures are possible.

A variety of engineering structures consist of a homogeneous
elastic master structure, such as a plate or shell, that is attached
NOMENCLATURE to regularly spaced substructures, such as ribs, stringers, or fins.
Due to other design criteria, such structures sometimes have two
or more arrays of attachments, where each array consists of regu-
larly spaced substructures that present identical impedances to the

d, Distance between adjacent substructures of-tharray.

*Address all correspondence to this author.
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master structure. For example, aircraft fuselages are reinforcedplate with two arrays of attachments, one being arbitrarily shifted
by ribs and stringers that prevent the structure from collapse and with respect to the other.
sections of the fuselage are joined by bulkheads. Ship structures Recently, the authors developed a wavenumber-based proce-
are similarly constructed. In addition to these, a broad class of dure for finding Floquet wave dispersion relations for structures
circular structures exist, such as brake rotors and gas turbines, thatwith multiple arrays of attachments, and applieditto the case of an
have one periodicity corresponding to the circumference of the elastic plate with multiple arrays of line attachments (Gueorguiev
structure and other periodicities that result from attached struc- et al, 1999). The dispersion relation is unique in that it contains
tures, such as heat fins or blades. This paper is concerned withthe dispersions as a sequence of structures, starting with a bare
the distribution of vibrational energy in such structures and, in plate and conceptually adding the arrays in order of increasing
particular, the effects of excitation frequency, master structure spacing until one reaches the array with the largest spacing.
dynamics, substructure dynamics, and substructure spacing on  To further simplify the dispersion analysis of multiple array
the distribution of vibrational energy. structures, this paper identifies conditions under which particular
One way of understanding the distribution of vibrational en- arrays can either be omitted or approximated insofar as the Floquet
ergy is to look at the attenuation of waves as they propagate wave dispersions are concerned. For arrays with small spacings,
through the structure. The affects of periodic variations on the the particular approximation studied here is that of homogeniza-
propagation of waves through a medium was observed by Bril- tion, in which an array is approximated by evenly distributing the
louin (1946), who identified “stopping” and “passing” frequency impedance of each attachment over a length equal to the spacing
bands where energy was localized and distributed, respectively. of the attachments. The distributed impedance is then combined
Mathematically, this phenomenon can be identified from Flo- with the plate impedance, so that the net effect of the array is to
quet's Theorem. Denoting(z) as the steady-state response change the impedance of the plate. This approximation allows
amplitude of a time-harmonic response, this theorem states thatone to effectively replace the actual plate and attached array by
v(x) = p(x)exp(ikx), wherev(z) is the complex amplitude of  a fictitious equivalent plate whose parameters are chosen so that
responsep(x) is a periodic function whose period is the spatial it's dynamics approximate those of the actual structure. This ap-
period of the structure, anidis the Floquet wavenumber. When  proximation is sometimes referred to as a “smearing” of the array
k has a large imaginary part, energy is localized because the Flo-into the plate.
guet wave is highly attenuated. Floguet wave dispersions were These simplifications in complexity are intended to aid the
analytically found by Miles (1956) for the case of abeam onrigid structural design community in two important respects. First,
supports and by Heckl (1961) for the case of a plate supported by designers will be able to assess the importance of attachment
regularly spaced beams. These analyses indicated that the imagspacing and impedance on the distribution of vibrational energy.
inary part ofk: alternates between large and small as frequency is In particular, this paperidentifies those cases for which the spacing
varied, thus producing stop and pass bands. of the attachments is unimportant insofar as vibrational energy
Following these works, two approaches emerged for analyz- distribution is concerned. For these cases, designers could choose
ing more complicated structures. The first method, which shall be the spacings based on other design criteria. Second, the concepts
referred to here as thtegenvalue methqgdormulates and solves  will allow for simpler finite element models of periodic structures
an eigenvalue problem for the attenuation constant based on Flo-by indicating situations where a detailed model of a particular
quet's Theorem and equations of motion for one cell of the pe- array is not necessary.
riodic structure. Applications of this method to beams with one In the following section, the dispersion relations for a plate
array of attachments were described by Ungar (1966) and Bo- with multiple arrays of line attachments are reviewed. Section
brovnitskii and Maslov (1966). Mead (1970, 1973, 1975, 1996) 3 presents the limiting case where the array spacings approach
extended the approach to any linear structure and developed in-zero. In this limit, the array is homogenized into the plate and
sights into the locations of the stop and pass bands as well asan expression is presented for the equivalent plate impedance.
the number of Floquet waves that propagate in a structure. The Section 4 establishes conditions under which the array may be
second method, which shall be referred to here asvtheenum- homogenized into the plate, and bounds the associated errors, by
ber methodproceeds by taking the spatial Fourier transform of expanding the Floquet wavenumbers in Taylor series about the
the differential equations of motion of the structure. Applications bare plate’s flexural wavenumber. The first term in the Taylor
of the method to elastic structures were presented by Romanovseries is associated with the homogenization of the array into the
(1971), Evseev (1973), and Rumerman (1975). plate and the higher-order terms represent the associated errors.
Both methods have been previously applied to the analysis of Section 5 contains an investigation of the opposite limit, where
structures with two arrays of attachments. The eigenvalue methodthe largest array spacing approaches infinity. For this case, it is
was employed by Gupta (1972) and the wavenumber analysis of shown that the array does not affect the Floquet wave dispersions
a plate with two arrays of line attachments was first presented by and can therefore be entirely neglected from the model. Section 6
Mace (1980). Recently, Cray (1994) presented an analysis of a demonstrates through examples how these limiting cases are ac-
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L 5 whereV (z,t) is the plate veIo_city, reIate_d to the displacement by
V(z,t) = OW (x,t)/0t. The distributed impedance of all attach-

/
(/ \ ments in the-th array is defined as
DD O ® @

8:9 20w =2, 3" b —ndy), ©

n—=——oo

f d3 | Writing the time-harmonic plate velocity as

V(z,t) = Re{v(x)exp[—iwt)]} 4

Figure 1. Thin elastic plate with three arrays of line attachments. The
circles represent line impedances that extend along the y coordinate (into
page). and substituting this into equation 1, one obtains an ordinary dif-
ferential equation involving infinite sums over the attachment po-
sitions of all arrays. Material damping is included by allowing
tually applicable to the analysis of practical structures with finite the Young’s modulus to become complex valued, so tha re-
array spacings. placed byFEy(1 —in), wheren is the material loss factor. The
array impedances are implicitly assumed to be functions.of
One proceeds by taking the spatial Fourier transform, defined by

2 EXACT DISPERSION RELATIONS FOR A PLATE

WITH MULTIPLE ARRAYS oo ‘
Figure 1 contains a schematic of the type of structure being (k) = / v(x)e”* dg, (5)
considered here. It consists of a thin elastic plate \itarrays e

of line attachments. It is assumed that all attachments in‘the
array are identical and that each attachment exerts a line force thatof the equation of motion. This transforms the summations over
is proportional to its velocity and its impedanZe. The arrays positions to summations over wavenumbers. Invoking Poisson’s
are ordered by their spacings so thiat> d,_,. Furthermore, summation formula, equation 1 becomes
it is assumed that each array spacing is an integral multiple of
the smaller array spacings and that a spatial point of coincidence R
exists at Wh|(_:h an gttachm_ent from each array interacts Wl'_[h the 5(k) = —V (k) ZZT-ﬁz,r(k) (6)
plate. The dispersion relations of Floquet waves propagating in -
this structure have been previously derived in detail (Gueorguiev
et al, 1999), so the derivation will only be summarized here.

It will be implicitly assumed that the plate’s displacement
is only a function of ther coordinate. The plate’s displacement

where the summed plate velocities are

W (z,t) is assumed to obey the following partial differential equa- 1 &
tion: U (k) = i n;oo@(k —nkar), (7)
W 92w & _ .
D 50 e = ;Fr(x,t), 1) the spacing wavenumber is
s
wherem is the mass per unit area of the plate. The bending stiff- ka, = a0 8

ness isD = Eh?/[12(1 —v?)], whereE is the Young’s modulus,

v is the Poisson’s ratio, andis the plate thickness. Each force ) )
F,.(x,t) represents the force applied by the plate torftiearray the wavenumber admittance of the plate is
and is given by

. 1 k:;%
Fy(z,t) = 20 (2)V (,t) ) R gy (’C? - ’C“) ’ ©)
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and the flexural wavelength is

mw?\
ky= D

After many algebraic manipulations, equation 6 is cast into
the form

(10)

Q(k)o(k) =0, (11)
where the dispersion functia(k) is given as
R ~
Q(k) =11+ Z. Vs (k)] (12)
r=1
and the summed admittancﬁg,. are defined by
N 1 & -
Ve, (k) = d—rn;w}/;(k—nkd,r). (13)

EachY, represents the wavenumber admittance of the plate with
the first(r — 1) arrays attached. Theh admittance satisfies the
recursion relation,

Y(k)
Y, —1(k)
1+ Zr_lYE,’r—l (k)

forr=1

forr=2,....R. (14)

Requiring a nontrivial solution fof (k) leads to the dispersion
relation

Q(k)=0. (15)
The roots of the latter that lie in the strip definedly. (k) <
27 /d, and3(k) > 0 are the Floquet wavenumbers of the plate
with Rarrays. Values df that satisfy this equation are the Floquet
wavenumbers. The particular form @f k) given in equation 12
has an interesting interpretation. Thth term in the product
represents the dispersion relation of the plate with thefaistays
attached.

Gueorguiewet al (1999) have shown that the dispersion rela-
tion for the plate with the first arrays attached transforms into a
guadratic equation given by

cos®(kd,.) + a,cos(kd, ) + b, =0, (16)

wherea,. andb,. are given in Appendix A. These constants depend
on the Floquet wavenumbers of the plate with only the first

1) arrays attached. Note that the Floquet wavenumbers of the
bare plate are simply the plate’s flexural wavenumbkfsand

iky. One computes the wavenumbers of a plate vitharrays

by sequentially evaluating equation 16 for each array, beginning
with » = 1 and ending with- = R.

A parenthetical superscript on the Floquet wavenumbers shall
be used to denote the number of attached arrays and a subscript
of either 1 or 2 shall refer to one of the two types of Floquet
waves. The first type has a small imaginary part in the pass bands
of the structure, and is hence referred to asptegpagating Flo-
quet wave It is analogous to the flexural wave on a bare plate.
The second type has a large imaginary part at any frequency and
is analogous to the evanescent wave on a bare plate, which is
confined near concentrated loadings or discontinuities.

3 DISPERSION RELATIONS FOR ARRAYS WITH

SMALL SPACINGS

In this section, an expression is derived for the wavenumber

impedance of an equivalent plate whose dynamics approximate
those of a plate with arrays of closely spaced attachments. For
clarity, consider a structure witR arrays and first take the limit
as the smallest array spacinf}, approaches zero. The relative
impedance, defined by

Zr

Zrel _
r ]
d,

17)

shall be held constant in taking the limit of small array spacing.
Physically, this amounts to fixing the total impedance attached to
a finite length structure so that the impedance of each attachment
must decrease if the spacing is decreased.

It shall be expedient to return to the equation of motion in
the spatial domain. From equation 3, the impedance of the first
(r =1) array is written as

ZW(z) =2z Y S(x—ndy).

(18)
n=—oo
Fixing Z7! and taking the limit ag; — 0 gives
Jim zW) = grel / §(z—n)dn = 27 (19)
1~>0 — 0

The collective impedanc& ™) (z) approaches a constant when
the corresponding spacinly approaches.
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After substituting equation 19 into equation 1 and taking the where a normalized impedance has been defined as
Fourier transform, the equation of motion becomes

Z,
& > gr = -
Z(k)o(k) = —Z70(k) =Y Zy Y ©(k—mka,), (20) —iwmd,

r=2 m=—o00

(27)

Physically, the denominator gfrepresents the impedance due to
the mass of a section of plate whose length is equal to the spacing
between attachments. If each attachment is modeled as a mass
then the normalized impedances are positive real numbers.

where Z(k) = Y~'(k) defines the plate’s wavenumber
impedance. Equation equation 20 can be cast in the simpler form

o0

R
Zeg(k)i(k) ==Y "Z, > d(k—mkq,),  (21)

m=—00

4 CONDITIONS FOR HOMOGENIZING ARRAYS WITH
SMALL SPACINGS
in which Physically, one expects that an array could be homogenized
into the plate when the array spacing is small compared to a char-
acteristic response scale of the plate. For example, homogeniza-
tion would be reasonabile if the bare plate’s flexural wavelength,
o ] As, is much greater than the array spacihg,> d;. One might
~ Upon analogously defining the equivalent wavenumber ad- 4jsq expect that the homogenization condition would involve the
mittance as',(k) = Z,' (k), the governing wavenumber equa-  jmpedances of the attachments. For example, arrays with small
tion becomes impedances would be more accurately homogenized than large
R impedance arrays for a fixed frequency.
- - - These expectations may be mathematically qualified by de-
(k) = ~Yeq(k) Z 20z, (k), (23) riving approximations to the Floquet wavenumbers for small val-
=2 ues ofkrd;. In this section, this investigation is conducted by
solving equation 16 for the Floquet wavenumbers and expanding
them in a Taylor series aboétd; = 0. Due to the complex-
ity of the expressions for the Floquet wavenumbers, this analysis
was verified by a symbolic manipulation software. First, let us
consider a simple structure consisting of a plate with one array
of attachmentsR = 1). The Taylor series expansions of the two
Floquet wavenumbers are

Zeg(k) = Z(k)+ 27 (22)

which is identical to equation 6 except that they 1 array is
removed and the plate admittariék) is replaced by the equiv-
alent admittancéfeq(k). In summary, theR-array problem is
transformed into aiR — 1)-array problem where the> 1 ar-
rays are attached to afictitious plate with an equivalent admittance
Y., (k). Ther =1 array has been effectively homogenized into
the plate.

If we require all array spacings to approach zero, then the
dispersion relation becomes

B k(14 )Y+ (€1)?

kydy)®
) 2880d1(1+C1)3/4( sh)"+

Ll G 7 9 (8)
5 rel _ ked Ol(ksd
Z(k)+Y 2" =0 (24) 12096d1(1+C1)1/4( sh)"+ Ollks )]
r=1
The solutions of the latter represent the Floquet wavenumbers of and
the homogenized array, given by
s 2
k(l) ~ike(1 1/4 (1 Eedi)o—
. R 1/4 gy ~iky (14(1) +288Od1(1+<1)3/4( rdy) 29
k§ )= ky <1+Z<r> (25) i<12 (k d1)7+0[(k ,dl)Q]
r=1 12096d; (14 ¢1) /47 !

and . : : .
One immediately recognized the leading terms of these expan-

R 1/4 sions as the homogenized wavenumbers given in equations 25
(R) _ . and 26 withR = 1. The remaining higher-order terms repre-
= 1 : 2 . o o
& Zkf( +;CT> ’ (26) sent errors in the homogenization. Recognizing that the second
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term contributes most to the error, the following homogenization equation 34 may be cast in the form
condition is arrived at:

1/4
a+¢)* kpdi| < 7.33C U+a+e) . (35)
oyl <3800 ) ST ag i)

Since the right hand side of Equation 30 is decreasing with in- For our example involving masses attached to lightly damped

creasing(;, it follows that increasing the relative impedance re- plates, choosing’s = 0.12 gave errors in the Floquet wavenum-

duces the frequency range in which the array can be homogenized bers of less than one percent.

In fact, in the limit as(; — oo, ho homogenization is possible.

This makes physical sense as the limit corresponds to pinning the

plate at the attachment points. As an engineering measure of thes DISPERSION RELATIONS FOR ARRAYS WITH

accuracy of the homogenization, equation 30 may be castinthe | ARGE SPACINGS

form In this section, the limit of large array spacing is examined.
The analysis presented here assumesthatvhich is the largest

(1 +C1)1/4 array spacing, is larger than any other spatial scale in the prob-
|kpdy| <7.33C, vl (31) lem. For this case, one finds that tR&" array may be entirely

neglected in analyzing the wave dispersions. The physical reason
for this is that the Floquet waves attenuate and are therefore not

For our example involving masses attached to lightly damped aple to propagate the large distances between attachments in the

plates, choosing’; = 0.15 gave errors in the Floquet wavenum-
bers of less than one percent.

Similar results were obtained for a plate with two arrays of
attachments = 2), where both arrays are homogenized. The

R array. Atthe end of this section, the results will be generalized
to the case where the and R — 1 arrays have large spacings.

First, we define a multiple of thek'" array’s spacing
wavenumber as

Floquet wavenumbers for this case are

2
2 4r 2 §n =nkar=n—— (36)
2 s ;
B~y (14 Grot o) 4 oL 2 G gy i
2880d1 (1 +( +C2)
G2+ 206 +n2%¢” 7 9 and rewrite the spacing wavenumber as a difference between mul-
kedr)" 4+ O|(ksd .
12096d1(1+C1+C2)1/4( sd)"+Ol(ksdr)'] tiples,
(32)
and
A€ = gn—&-l - fn, = kd,R- (37)
. +2¢1 o + 1m0t G
2 ~ ik (1 iy O kpdy)S— - . . .
2 ~ k10 +G) 2880d1(1+C1+Cz)3/4( rdr) Substituting these into equation 13 yields
G2 +2G 6 +n20G° 7 9
ked Ol(k¢d
12006d; (1+ G + &)/ 1)+ Ollkrdu)]
(33) Von(k) = o2 Z Yir(k—&n) (38)
wheren, denotes the spacing rati /d; . n=—o0
The leading terms of these expansions will dominate the sec-
ond terms if Taking the limit asir — oo gives
(1+G+6)"
|kydy| < 7.33 (34) i V5 / Va(€)de = Y, 39
(C12+251C2+n24C22)1/4 dg—o0 = R(£)dE = Yr. (39)

One observes from this condition that an increase of the spacingAs shown, this integral may be interpreted as an inverse Fourier
ratio ny or the relative impedances » would reduce the fre- transform ofYy evaluated at = 0. Specifically,Yr represents
guency range over which homogenization is possible. As before, the drive-point spatial impedance of the platerat 0 with the

6 Copyright 0 1999 by ASME



first(R—1) arrays attached. Introducing this limit in equation 12 35¢
resultsin 0 [a

Irz)giftHomogenized

w
T

N
&)
T

R—
Q(k) = (14 ZrYr) H (14 Z.Ys (k)] (40)

N
T

Since the term preceding the product is independent of wavenum-
ber, the dispersion relation reduces to that of the plate with the
first (R — 1) arrays attached.

Analogously, allowing botllz_; anddg to approach infin-
ity, one can show that the dispersion relation function becomes

=
&
T

-
T

Real part of the Floquet wavenumber

0.5F
R—2
Q(k) = (1+ ZrYR) (1+ Zrp—1Yr—1) [[ 1+ Z, V5, (k)]
r=1 0 ; : : y : .
0 1 2 3 4 5 6
(41) Frequency parameter Q

whereYr_ is the drive-point mobility of the plate with the first
R —2 arrays attached. This result extends in the obvious way to Figure 2. Realpartof the propagating Floguet wavenumber for a structure
any number of arrays whose spacings approach infinity. with one array having a spacing d; = 1m.

6 NUMERICAL EXAMPLES 0.025¢

In this section, the limiting cases presented in the previous
sections will be illustrated for the case of an elastic beam with
two and three arrays of line attachments. The substructures in all
arrays will be taken as line masses with the mass per unit length
equal to the mass in a unit square of plate, so that

| 2= P omogenized

o

o

[~}
T

0.015F 1

Z, = —iwmh. (42)

o

o

ey
T

The wavenumber of the propagating Floquet wave will be plotted
versus a nhormalized frequency defined by

Imagmary part of the Floquet wavenumber

0.005F
Q = wd%\/ph/D. (43)
‘ 5
The plate parameters corresponding to steeFare2 x 10*! Pa, Frequency parameter Q

p = 7800 kg/m?, v = 0.3, andn = 0.01. The plate thickness is

h =1 cm. The width of the plate in thg coordinate is assumed
small enough to allow the plate to be treated as a beam, which is
accomplished by artificially setting the Poisson’s ratio to zero in
the bending rigidity,D.

The first two examples will illustrate the approximations and  WhenQ < Qpound, WhereQy,,,q = 2.9 for this example. Below
associated errors involved in truncating the Taylor series expan- this bounding frequency, the wavenumber is well-approximated
sions of Floquet wavenumbers given in Section 4. In the first by the homogenized result.
example, we consider a plate with a single array having spacing The second example involves a structure with two arrays hav-
di; = 1. The real and imaginary parts of the propagating Floguet ing spacingsl; = 1 andd,; = 2. The real and imaginary parts of
wavenumbers are shown in Figures 2 and 3. Also shown in thesethe propagating Floquet wavenumber are given in Figures 4 and 5.
figures is the homogenization given by the leading term in equa- Also shown is the homogenization obtained by only retaining the
tion 28. We find that the condition given in equation 31 is satisfied leading-order term in equation 33. Equation 35 is satisfied when

Figure 3. Imaginary part of the propagating Floquet wavenumber for a
structure with one array having a spacing d; = 1m.
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Figure 4. Real part of the propagating Floquet wavenumber for a structure Figure 6. Real part of the propagating Floquet wavenumber for a structure
with two arrays having spacings d; = 1m and dy = 2m. with three arrays having spacings d; = 1m, dy = 6m, and dg = 12m.
0.09f the first array through the equations describing the other arrays.
T ELk@ Homogenized Nonetheless, we present an example here to illustrate that such an
0.08f -~

i approach has areasonable frequency range of applicability. Three
: arrays are attached to a plate with spacidgs- 1m, d, = 6m,
' andds; = 12m. The real and imaginary parts of the propagating
: Floquet wavenumber, computed by equation 16, are plotted in
: Figures 6 and 7. Also plotted is an approximation in which the
i firstarray ¢ = 1) has been homogenized into the plate according
l
[}
1
1

o

o

i
T

g

o

>
T

o

o

a1
T

to equation 23. As in the previous examples, good agreement is

Imaginary part of the Floquet wavenumber
o
o
Iy

obtained at low frequencies.
0.03f The large array-spacing limitis illustrated in Figure 8. In this
figure, the imaginary part of the Floquet wavenumber is plotted
002t for a plate with two arrays having spacinfjs= 1 andd, = 6. The
o001k A plot consists of a sequence of small stop bands at low frequency
- e T and a broad stop band centerefat 275. The small stop bands
0 : - : ' . : , , ’ are caused by the large-spacing array=(2) and the large stop
0 2 4 6 8 10 12 14 16 18 . . .
Frequency parameter Q band is caused by the small-spacing array=(1). Taking the
limit of large spacing would lead one to omit the large-spacing
Figure 5. Imaginary part of the propagating Floquet wavenumber for a array ¢ = 2) from consideration. This resultis labeled as the “one
structure with two arrays having spacingsd; = 1m and dz = 2m. array” curve in the plot and agrees with the “two array” result at

higher frequencies.

Q < Qound, WhereQpouna = 4. Again, excellent agreement is
found below this bounding frequency. 7 CONCLUSIONS

A more complex situation arises if one wishes to homoge- In this paper, two limiting cases of array spacing have been
nize a subset of the arrays. In equation 23, it was shown that examined. In the case of small array spacing, an expression was
the first array £ = 1) could be homogenized into the plate while  derived that allows one to homogenize the array into the plate.
the other arrays(> 2) were treated exactly. Unfortunately, sim-  For large array spacings, it was demonstrated that the array may
ple expressions for the associated errors are difficult to obtain as be neglected in the analysis of wave dispersions. Although these
one must track the approximations introduced by homogenizing results were obtained as limiting cases, it has been shown through
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Figure 7. Imaginary part of the propagating Floquet wavenumber for a
structure with three arrays having spacings dq; = 1m, do = 6m, and
d3 = 12m.
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Figure 8. Imaginary part of the propagating Floquet wave in a plate with
one (de = 6) and two arrays of line attachments (d; = 1 and dy = 6).
The one-array case corresponds to the large spacing limit.
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A CONSTANTS IN THE DISPERSION RELATION
The constanta,. andb,. appearing in equation 16 are related
to the Floquet wavenumbers of the plate with the firstl arrays,

ar = —cos(ky "V — cos(k2 " Vd,)
— Z Apsin(k;"Vd,) — Z, Bysin(k, " Vd,)  (44)

and

b, = COS(/{Y_l)dT)COS(kéT_l)dr)
+ ZTATsin(kY_1)dr)cos(k§r_1)dr)
+ Z,Bysin(k{" "V d, )cos(k{" "V d,) (45)

whereA,. and B, are also related to the Floquet wavenumbers of
the plate with first- — 1 arrays and are given as

ks ifr=1
dimw (r_1)
Ar = YE,T‘—l(kl ) f B R (46)
rel 71 (r—1) Wr=2z...
Zr IYE,T 1(k1 )
and
74’” if r=1
mw
Bp=9\ Yo,V G
— ’~/ 2 =D ifr=2,....R
ZT—IYE,T'—I(kZ )
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